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Abstract

We extend the usual language of second order arithmetic to one in which we can
discuss an ultra�lter over of the sets of a given model. The semantics are based on
�xing a subclass of the sets in a structure for the basic language that corresponds
to the intended ultra�lter. In this language we state axioms that express the notion
that the subclass is an ultra�lter and additional ones that say it is idempotent or
Ramsey. The axioms for idempotent ultra�lters prove, for example, Hindman�s
theorem and its generalizations such as the Galvin-Glazer theorem and iterated
versions of these theorems (IHT and IGG). We prove that adding these axioms to
IHT produce conservative extensions of ACA0 (+IHT), ACA+0 , ATR0, �

1
2-CA0 and

�12-CA0 for all sentences of second order arithmetic and for full Z2 for the class
of �14 sentences. We also generalize and strengthen a metamathematical result of
Wang [1984] to show, for example, that any �12 theorem 8X9Y�(X;Y ) provable
in ACA0 or ACA+0 there are e; k 2 N such that ACA0 or ACA+0 proves that
8X(�(X;�e(J (k)(X))) where �e is the eth Turing reduction and J (k) is the kth
iterate of the Turing or Arithmetic jump respectively. (A similar result is derived
for �13 theorems of �

1
1-CA0 and the hyperjump.)

1 Introduction

An increasingly common phenomena in combinatorics is the use of higher order notions,
objects and principles to prove combinatorial facts about the natural numbers N (or some

�Partially supported by NSF grant DMS-1363310 and by a Packard fellowship.
��Partially supported by NSF Grant DMS-1161175.
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other countable set) and its subsets. One particularly fruitful such notion has been that
of a (nonprincipal) ultra�lters on N. (The de�nition of ultra�lters and most of the other
notions mentioned in this introduction are given in §2. Hindman [2005] gives a brief
survey of some examples. See Todorcevic [2010] and, especially, Hindman and Strauss
[2012] for more extensive treatments.) These results provide a challenge to the analysis
of the inherent complexity of such second order theorems in terms of the axioms (of
second order arithmetic) needed to prove them and the computational complexity of the
objects whose existence are asserted by such theorems. The study of such questions of
complexity in general is the realm of reverse mathematics. (See the standard text on the
subject, Simpson [2009] for a general introduction.)
One successful approach to this problem has been to replace the ultra�lters used

in the proofs by countable approximations of various sorts that can be proven to exist
in di¤erent axiomatic subsystem of second order arithmetic. (See for example Avigad
[1998], Hirst [2004] and Towsner [2011], [2011a].) Another attractive idea is to attack
the problem in a more wholesale fashion by expanding the language of second order
arithmetic and the associated axiomatic systems in a way that enables one to carry out
the proofs using ultra�lters but in a system that one can prove is conservative over the
associated set of second order axioms. (For a set of sentences � in some language L and
sets R and T of axioms the language L, we say that R is �-conservative over T if, for
every � 2 �, if R ` � then T ` �.) So, in our situation we want L to be an extension of
the language of second order arithmetic in which we can talk about an ultra�lter is some
reasonable way. We want � to be a natural subclass of the sentences of second order
arithmetic containing theorems of interest. T should be a (standard) axiom system of
second order arithmetic and R a natural extension of T to the language L. The system R
should assert the existence of some type of ultra�lter and in it we should be able to carry
out the proofs of the second order combinatorial theorems of interest. If we can then
prove that R is �-conservative over T we will have shown that the theorems of interest
are actually provable in the known second order theory T .
We �rst saw this approach carried out in Towsner [2014] who proved the desired

results for (general) nonprincipal ultra�lters and several of the standard subsystems T
of reverse mathematics (ACA0, ATR0 and �11-CA0). His approach was to extend the
language by adding a unary predicate (for the ultra�lter) as well as some technical term
formation rules to allow various natural operations using the ultra�lter to be expressed in
the extension. He then de�ned axiom systems R extending T in which one might be able
to carry out arguments using the ultra�lter. Finally, he used forcing for this language
and proved in T that all the axioms of R were all forced to be true (as then are all their
consequences in second order arithmetic). In the standard way, this then shows that R
is conservative over T for all sentences of second order arithmetic. (Towsner points out
that this result for ACA0, as well as the very strong theory (Z2) + �11-DC0, also follow
from Enayat [2006] and that Kreuzer [2012] gives a proof for ACA0 and �12 conservation
using the functional interpretation.)
Unfortunately, most (if not all) of the classical and more recent examples of the appli-
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cations of ultra�lters to second order combinatorics depend on the existence of ultra�lters
with various special properties. Towsner provides two examples, Ramsey ultra�lters and
divisible ultra�lters when the notion of divisibility is arithmetically de�nable, where his
methods apply but no examples of proofs of known combinatorial theorems in the rele-
vant systems. Historically, the basic and motivating example of uses of ultra�lters was
the Galvin-Glazer proof of Hindman�s theorem and its many generalizations. Hindman�s
theorem can be phrased in terms of a more complicated (�11 complete) divisibility prop-
erty (called IP). So the existence of an ultra�lter all of whose members are IP would
prove Hindman�s theorem. Towsner conjectures that such an assumption is conservative
over ATR0. We prove more below.

Hindman�s original proof and the direct reverse mathematical analyses of his theorem
are all long and di¢ cult combinatorial arguments. The Galvin-Glazer proof of Hindman�s
theorem is a very short one based on the existence an algebraically de�ned type of
ultra�lter called idempotent. (The algebra of ultra�lters on a countable set is based
on an operation inherited from one in the underlying countable set such as + on N.)
Towsner then asks for which (of the standard) theories T is the existence of an idempotent
ultra�lter conservative. (The point here is that every member of an idempotent ultra�lter
is easily seen to be IP.)

Our goal in this paper is to answer these questions positively except for the funda-
mental one of whether the existence of idempotent ultra�lters is conservative over ACA0.
(Such a result would show that IHT is provable in ACA0 and so settle a long standing
open problem.) We do prove, however, that it is conservative over a variation of Hind-
man�s theorem (Iterated Hindman�s theorem, IHT). Thus, in terms of our systems and
languages, IHT is equiconsistent with the existence of an idempotent ultra�lter. Re-
verse mathematically, it is known that both Hindman�s theorem (HT) and the iterated
version, IHT, imply ACA0 and are provable in ACA+0 (Blass, Hirst, Simpson [1987]).
Our methods also show that the existence of an idempotent ultra�lter (§4) or a Ramsey
ultra�lter (§5) is conservative (for all sentences of second order arithmetic) over ACA+0 ,
ATR0, �11-CA0 and �

1
2-CA0 and conservative over full Z2 for �

1
4 sentences.

Of course, as did Towsner, we must also de�ne an extension of the language of second
order arithmetic to include ways of talking about and using the intended ultra�lters. We
also use forcing notions designed so that the generic objects will be ultra�lters with the
properties we want. Our proofs of conservativity take the semantic approach of analyzing
the structure for our extended language de�ned from a generic object as the intended
ultra�lters rather than the relation between provability and forcing.

As we were writing this paper, we found that Kreuzer [2015] had proved some of
our results in a di¤erent (higher order) setting and by proof theoretic methods to get
conservation results over systems like ACA0 for �12 sentences and had extended them to
minimal idempotent ultra�lters and so to applications to other well known combinatorial
principles [2015a]. We present the standard ultra�lter proof of IHT (and so some gener-
alizations as well) in our system (ACAIU0 ) in Theorem 3.3. We also give another example
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of a standard proof of the Milliken-Taylor theorem using ultra�lters in our system in
Theorem 3.4. Our general conservation result then shows that it is provable from IHT
(Hirst [2004]).

Most applications of ultra�lters to combinatorics, however, use ultra�lters with more
properties than idempotence and/or considerations of extra structural features beyond
addition on N or, more generally, multiplication in various semigroups. In future work,
we hope to apply some of the ideas in this paper to another approach to conservation
results that will handle additional properties such as minimality for ultra�lters and addi-
tional structure on the underlying algebra as well as a more robust language and setting
for working with the ultra�lters. We then hope to apply this approach to well known
combinatorial theorems such as Gowers� Fink Theorem and the In�nite Hales-Jewett
Theorem.

2 De�nitions and Notations

We use one of the common notations to view a single set X as a sequence of sets


X [n]

�
where X [n] = fij hn; ii 2 Xg. We let X [<n] = fhj; ii 2 Xjj < ng and use �X to denote
the complement of X. The set of �nite subsets of X is denoted by [X]<!. We denote the
standard natural numbers by N.
Note that all sets and structures considered will be countable.

2.1 Subsystems of Second Order Arithmetic

We �rst brie�y review the �ve standard systems of reverse mathematics as well as a
couple of other systems that we will use. Details, general background and results can be
found in Simpson [2009], the standard text on reverse mathematics. Each of the systems
is given in the (two sorted) language L of second order arithmetic, that is, the usual
�rst order language of arithmetic augmented by set variables with their quanti�ers and
the membership relation 2 between numbers and sets. A structure for this language is
one of the formM = hM;S;+;�; <; 0; 1;2i where M is a set (the set of �numbers�of
M) over which the �rst order quanti�ers and variables of our language range; S � 2M
is the collection of subsets of �numbers� in M over which the second order quanti�ers
and variables of our language range; + and � are binary functions on M ; < is a binary
relation on M while 0 and 1 are members of M . We also use ! to denote the set of
numbers in such a structure in many familiar notations such as writing 2<! to mean the
set of all �nite binary strings where we are taking for granted some standard coding of
binary strings by numbers of the structure. Indeed, in general, when we talk about �nite
sets or sequences of elements inM we are assuming some standard coding in the usual
reverse mathematical style. Thus M<! is the collection of all �nite sequences inM and
[M ]<! is the collection of all �nite sets inM.
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Each subsystem of second order arithmetic that we consider contains the standard
basic axioms for +, �, and < (which say that M is an ordered semiring). In addition,
they all include a form of induction that applies only to sets (that belong to the model):

(I0) (0 2 X &8n (n 2 X ! n+ 1 2 X))! 8n (n 2 X).

We call the system consisting of I0 and the basic axioms of ordered semirings P0. All
�ve standard systems are de�ned by adding various types of set existence axioms to P0.
All but one are determined by comprehension axioms for a standard class � of formulas.
Note that these formulas may have free set or number variables. As usual the existence
assertion 9X:::: of the axiom is taken to mean that for each instantiations of the free
variables there is an X as described.

(RCA0) Recursive Comprehension Axioms: This is a system just strong enough to
prove the existence of the computable sets. In addition to P0 its axioms include the
schemes of �0

1 comprehension and �
0
1 induction:

(�0
1-CA0) 8n ('(n)$  (n))! 9X 8n (n 2 X $ '(n)) for all �01 formulas
' and �01 formulas  in which X is not free.

(I�01) ('(0)&8n ('(n)! '(n+ 1)))! 8n'(n) for all �01 formulas '.

The next system says that every in�nite binary tree has an in�nite path.

(WKL0)Weak König�s Lemma: This system consists of RCA0 plus the statement that
every in�nite subtree of 2<! has an in�nite path.

We next move up to arithmetic comprehension.

(ACA0) Arithmetic Comprehension Axioms: This system consists of RCA0 plus the
axioms 9X 8n (n 2 X $ �(n)) for every arithmetic formula (i.e. �0n for some n) ' in
which X is not free.

This system is equivalent to the totality of the Turing jump operator, i.e. for every
X, X 0 exists. The next system says that arithmetic comprehension can be iterated along
any countable well order.

(ATR0) Arithmetical Trans�nite Recursion: This system consists of RCA0 plus the
following axiom for each arithmetic formula �(n; Z): If hX;<Xi is (a code for) a well-
ordering, then there is a set Y such that, for each x 2 X, 8n(n 2 Y [x] , �(n; Y [<x]).

The last of the standard systems is characterized by the comprehension axiom for �11
formulas:

(�11-CA0) This system consists of RCA0 plus the�
1
1 comprehension axioms: 9X 8k (k 2

X $ �(k)) for every �11 formula � in which X is not free.
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(Z2) Full second order arithmetic, Z2 consists of RCA0 plus all the �1n-CA0, i.e. the
comprehension axioms as above but for �1n formulas ' for every n 2 N.

We also we refer to a system between ACA0 and ATR0 that corresponds to the ability
to iterate the Turing jump ! many times, i.e. the totality of the !-jump operator.

(ACA+0 ) This system consists of RCA0 plus the axiom 8X9Y (Y [0] = X & 8n >
0(Y [n] = (Y [n�1])0)). (Here we take some standard de�nition of the Turing jump in �rst
order arithmetic.) The axiom says we can iterate the Turing jump through the numbers
(of the model).

The above axiom systems are strictly ordered in the obvious way. We also need to use
some choice principles whose relationships to the ones above are not so easily categorized.
(See Simpson [2009].)

(strong�1n-DC0) For every�
1
n formula�(k;X; Y ), 9Z8k8Y (�(k; Z [<n]; Y )! �(k; Z [<n]; Z [n]).

We note for later use that �11-CA0 implies (indeed is equivalent to) strong �
1
1-DC0

and �12-CA0 implies (indeed is equivalent to) strong �
1
2-DC0 (Simpson [2009, VII.6.9]).

2.2 Combinatorics

De�nition 2.1. LetM be a structure for the language L of second order arithmetic with
M � RCA0. AnM-�lter is a nonempty subset F of S which is closed upward and under
intersection, i.e. if X; Y 2 S, X � Y and X 2 F , then Y 2 F ; and if X; Y 2 F then
X\Y 2 F . AnM-�lter is principal if there is an A 2 S such that F = fX 2 SjX � Ag;
otherwise it is nonprincipal. A nonprincipal M-�lter U is an M-ultra�lter if for every
A 2 S, A 2 U or �A 2 U .

De�nition 2.2. AnM-ultra�lter U is Ramsey if for every partition hXni 2 S ofM into
nonempty pairwise disjoint sets such that Xn =2 U for every n, there is a Z 2 U such that
jXn \ Zj = 1 for every n.

Before we can, even classically, de�ne a notion of an idempotent ultra�lter we need a
number of de�nitions.

De�nition 2.3. A (partial) semigroup (Z,�) is a set Z with a (partial) binary operation
� which is associative. An idempotent is an element x such that x � x = x. A partial
semigroup is directed if, for every �nite sequence x0,. . . ; xn of elements of Z, there is
a y 2 Z such that y 6= xi for each i � n and x0 � y; : : : ; xn � y are all de�ned. It is
left-cancelative, if, for every x; y; z with x � y = x � z, y = z. A basic sequence in a
partial semigroup is a �nite or in�nite sequence hxii of pairwise distinct elements such
that xn0 � xn1 � : : : � xnk is de�ned for every �nite sequence n0 < : : : < nk.
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Notation 2.4. For X � M , FS(X) = fx0 + x1 + : : : + xnj for any hxii 2 M<! with
x0 < x1 < : : : < xn each in Xg. We let X+n = fx+njx 2 Xg and X�n = fmjn+m 2
Xg. For X = fDig � [M ]<!, FU(X) = f[fDiji 2 Egj E 2 [M ]<!g. We de�ne X � n
and X=n similarly for X � Z and n 2 Z for a partial semigroup (Z; �). We extend
the operations FS(X) and FU(X) to basic sequences X = hxii in a semigroup (Z; �) by
setting [X] = fxn0 � � � � � xnk jn0; n1; � � � ; nk an increasing sequence in X<!g.

For background information and intuition for some of the standard terminology, we
now describe some notions in the setting of classical mathematics.
One can extend the � operation on a partial semigroup (Z; �) to a total operation �

on a subclass 
Z of the class �Z of all ultra�lters over Z: 
Z = fU 2 �Zj(8x 2 Z)(fy 2
Zjx � y is de�nedg 2 Ug. For U , V 2 
Z, U � V = fA � Zjfx 2 Zjfy 2 Zjx � y 2 Ag 2
V 2 Ug. (One can read this as the collection of subsets A of Z such that, for almost all
x (w.r.t. to U) and almost all y (w.r.t. V), x� y 2 A.) One can check that this operation
is total and associative on 
Z. (See e.g. Todorcevic [2010, 2.1 and 2.2] for all of this.)
An ultra�lter U 2 
Z is then idempotent if U � U = U .
After we introduce our extension of second order arithmetic in §3, we will give an

axiom (AU5) which is easily seen to be a translation of this de�nition into our language.
We now state several versions of, and variations on, Hindman�s theorem in structures

M for second order arithmetic without considering, at this point, the axiom systems
needed to prove them. The �rst is what is usually called Hindman�s Theorem (HT)
(or the Finite Sums Theorem). The second is the Finite Union Theorem (FU) but
also sometimes called Hindman�s Theorem. The third is the analog for directed partial
semigroups and is usually called the Galvin-Glazer Theorem (GG). Each one asserts the
existence of a type of homogeneous set for various colorings. We then state the (obviously
at least as strong) variations of these theorems for sequences of colorings. Finally, we
prove the equivalences for the iterated versions and note that the proofs specialize to the
ones for the ordinary versions of these theorems.

Theorem 2.5 (Hindman�s Theorem (HT)). If f is a �nite coloring of M , i.e. f :
M ! k, then there is an in�nite X �M such that FS(X) is monochromatic, i.e. there
is an i < k such that for every �nite sum z of distinct elements of X, f(z) = i. Such a
set is called homogeneous for f .

Theorem 2.6 (Finite Union Theorem (FU)). If f is a �nite coloring of [M ]<!, then
there is an in�nite subset X of [M ]<! such that FU(X) is monochromatic, i.e. all �nite
unions of members of X have the same color. Moreover, we may choose X = hxii to be
a block sequence, i.e. 8i(max xi < minxi+1). Such a set is called homogeneous for f .

Of course, FU is equivalent (over RCA0) to the same theorem for any countable set
W in place of M .

Theorem 2.7 (Galvin-Glaser Theorem (GG)). If (Z; �) is a directed partial semi-
group with no idempotents or which is left-cancelative and f is a �nite coloring of Z, then
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there is an in�nite basic sequence X = hxni in S such that [X] is (necessarily in�nite
and) monochromatic. Such a set is called homogeneous for f .

Theorem 2.8 (Iterated Hindman�s Theorem (IHT)). Given a sequence hfn; kni
where fn is a kn coloring of M , there is an in�nite sequence X = hxii from M such that,
for each n, FS(fxiji � ng) is monochromatic for fn. Such a set is called homogeneous
for hfni.

Note that this theorem is equivalent (over RCA0) to the one where all kn = 2.

Theorem 2.9 (Iterated Finite Union Theorem (IFU)). Given a sequence hfn; kni
where fn is a kn coloring of [M ]

<!, there is an in�nite block sequence X = hxii from
[M ]<! such that, for each n, FU(fxiji � ng) is monochromatic for fn. Such a set is
called homogeneous for hfni.

Again this theorem is equivalent (over RCA0) to the one where all kn = 2. Of course,
IFU implies the same theorem for any countable set W in place of M .

Theorem 2.10 (Iterated Galvin-Glaser Theorem (IGG)). If (Z; �) is as in The-
orem 2.7, and we are given a sequence hfn; kni where fn is a kn coloring of Z, then
there is an in�nite basic sequence X = hxni in Z such that for each n, [fxiji � ng] is
monochromatic for fn. Such a set is called homogeneous for hfni.

We now wish to prove that HT, FU and GG are equivalent over RCA0 as are the
iterated versions. These equivalences were all essentially known to Hindman and others
although they were not working in the framework of RCA0. There are proofs of these
equivalences for HT, FU and GG in Bergelson and Hindman [1993, Lemma 2.1] which
are described there as �well known among a�cionados�and are also outlined in Hindman
and Strauss [2012, §5.5, Ex. 5.2.1-5.2.4] but the proofs in both cases for GG are only
for semigroups. The ones for partial semigroups suggested in Ex 5.2.5 and Todorcevic
[2010] for partial semigroups uses ultra�lters. We present similar proofs for the iterated
versions in RCA0 which also specialize to the noniterated versions. We begin with a
simple Lemma.

Lemma 2.11 (RCA0 (Hindman [1972], Lemma 2.2 )). If F 2 [M ]<! and jF j = 2n
then there is a G � F such that 2nj�G.

Proof. As Hindman [1972] points out this is a simple induction. It clearly works in
RCA0.

Now for a bit more complicated Lemma that we need for the analysis of IGG.

Lemma 2.12. If (Z; �) is a directed partial semigroup it has an in�nite basic sequence.
If Z has no idempotents or is left-cancelative, then there is an in�nite basic sequence
Y = hyni in Z such that the products yn0 � � � � � ynk�1 = ��u and ym0 � � � � � yml�1 = ��v
are all distinct for nk�1 < m0 which we write as �u < �v where �u =



yn0 ; : : : ; ynk�1

�
and

�v =


ym0 ; : : : ; yml�1

�
.
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Proof. If Z is directed we can easily build a basic sequence by induction: Given yi, i < n,
directedness shows that there is a z (indeed in�nitely many) such that ��u � z is de�ned
for all �u with nk�1 < n. So we may take any such z as yn.
If Z is left-cancelative we also want maintain the inductive hypothesis that ��u 6= ��v

for all �u < �v with the last component of �v having subscript less than n. Now, for each
such �u < �v, there can be at most one z with �u = �v � z as if �u = �v � z1 = �v � z2 then
z1 = z2 since Z is left-cancellative. Thus we can choose a z as required to continue the
block sequence and such that for all such �u < �v, �u 6= �v � z and so maintain our inductive
hypothesis by taking any such a z as yn.
If Z has no idempotents let Y be any in�nite basic sequence. If there is a z such

that there are in�nitely many k for which there are �u with yn0 = k and ��u = z, then
we can �nd �ui with ��ui = z and �ui < �uj for i < j. Since Y is a basic sequence, all the

products �u0 � � � � � �un i.e. all the zn are de�ned. If they are all distinct then
D
z2

i
E

is a basic sequence as desired. Otherwise there are n and m such that zn = zm and
so the subsemigroup Ẑ generated by z is �nite (of size at most m). We claim it has an
idempotent for a contradiction: If not, Let t � m be the size of the smallest subsemigroup
Z 0 of Ẑ generated by some zk = w which has no idempotent. Clearly t > 1 and so there
are p < q � t such wp = wq. Now wq�p �wp = wq = wp and so by repeated multiplication
by wp, wq�p � wp�l = wp�l for every l � t. If the subsemigroup generated by w has size
less than t it (and so Ẑ) would have an idempotent. Thus it has size t and is all of Z 0.
In particular, some wp�l = wq�p and so is our desired idempotent.
Finally, we have the case that for every z there are only �nitely many k such that

there are �u with yn0 = k and ��u = z. With this assumption we can easily thin out Y
to satisfy the conclusions of the Lemma. Suppose we have ym0 ; : : : ; yml

and al so that
��u 6= ��v for all �u from this sequence so far and all �v from Y with �rst component vi with
i � al. By our assumption we may now take mi+1 = al and choose al+1 large enough to
continue the induction. The new basic sequence clearly has the desired property.

Proposition 2.13 (RCA0). IHT, IFU and IGG are all equivalent as are HT, FU and
GG as are HTn, FUn and GGn for each n 2M where each of these subscripted versions
is the restriction of the full theorem to n-colorings.

Proof. We assume IHT and prove IFU. Let hfn; kni be as in the hypothesis of IFU and
de�ne gn from fn by gn(x) = fn(Bx) where Bx is the set of ai which appear in the binary
expansion of x, i.e. if x = �2ai. Now let X = hxii be homogeneous for hgn; kni as in
IHT. We de�ne a sequence hyii by recursion and show it is homogeneous for hfn; kni:
In addition to the yi we de�ne zi 2 FSfxjjj � ng such that yi = Bzi. We begin

with z0 = x0 and y0 = Bz0. Assume for the recursion step that we have yi = Bzi for
i � n de�ned as desired. By Lemma 2.11, we may choose n < j0 < � � � < jm so that if
zn+1 = �xjk and yn+1 = Bzn+1 then max yn < min yn+1.
As for the required homogeneity, consider any n � i0 < � � � < im. As hyii is a block se-

quence and yi = Bzi, the de�nition of gn says that fn([fyik jk � mg) = gn(�fzik jk � mg).

9



As zik 2 FSfxjjj � ikg � FSfxjjj � ng the fact that FSfxjjj � ng is monochromatic
for gn implies that FU(fxiji � ng) is monochromatic for fn as required.
That HT (HTn) implies FU (FUn) now follows by the same proof applied to a single

coloring f of M<!.
Next we assume IFU and prove IGG. Let an appropriate semigroup (Z; �) be given

along with a sequence hfn; kni of colorings as in IGG. We begin with an in�nite basic
sequence Y as given by Lemma 2.12. For F = fyn0 ; : : : ; ynk�1g let gn(F ) = fn(yn0 �
� � � � ynk�1). Now choose a block sequence X = hxii homogeneous for the gn in the sense
of IFU. The de�nition of the gn and the properties of the sequences now show that if
xi = fyni;0 ; : : : ; yni;nki�1g then hzii is homogeneous for fn in the sense of IGG where
zi = yni;0 � � � � � yni;nki�1 .
As above, this proof specializes to show that FU (FUn) implies GG (GGn).
Finally, for the implication from IGG to IHT, just note that if we take our semigroup

to be hM;+i (which is left-cancelative) and consider any hfn; kni as in the hypothesis of
IHT then it is also a sequence of colorings in the sense of IGG. It is then clear that any
homogeneous set in the sense of IGG is also homogeneous in the sense of IHT. The same
observation shows that GG (GGn) implies HT (HTn).

3 Extended Language

To be able to work with ultra�lters in the setting of reverse mathematics and second
order arithmetic, we must extend our language L of second order arithmetic. The ex-
pressiveness that we need introduces, at least, a way of talking about an individual third
order object such as a speci�ed ultra�lters U . To do this we extend L by adding on a
unary function symbol �U from sets to sets. This introduces new terms such as �U(X)
(or �kU(X) for an k-fold iteration with k 2 N) and so we have new atomic formulas such
as n 2 �U(X), Y = �U(X) and �U(X) = �U(Y ).
The structures for this language LU are formed from onesM = hM;S;+;�; <; 0; 1;2i

for L and a subset U of S to get a structure MU = hM;S;U ;+;�; <; 0; 1;2i. The
semantics for LU are determined by �xing a U � S and interpreting �U(X) as the subset
ofM given by 0 2 �U(X) , X 2 U and n + 1 2 M , X [n] 2 U . Of course, we must
make sure that this operation is well-de�ned and the the class S of subsets of M which
form the sets ofM is closed under �U(X) to get a structure for LU .
We can now say in LU , for example, that U is anM-ultra�lter or is any of a variety of

specialM-ultra�lters (or a Z-ultra�lter for any Z 2 S). We incorporate these sentences
as axioms for our extensions R of theories T of second order arithmetic that essentially
assert the existence of an ultra�lter (with some additional properties) to form the desired
conservative extensions. The following sentences of LU say that U is a nonprincipal
ultra�lter:

AU1 8X(0 2 �U(X)! 8x9y(y > x & y 2 X). (Every set in U is in�nite.)
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AU2 8X8Y (X � Y & 0 2 �U(X)! 0 2 �U(Y )). (U is closed under supersets.)

AU3 8X8Y 8Z(0 2 �U(X) & 0 2 �U(Y ) & X \ Y = Z ! 0 2 �U(Z)). (U is closed under
intersections.)

AU4 8X8Y (Y = �X ! (0 2 �U(X) _ 0 2 �U(Y ). (For every X, X or �X is in U .)

The next axiom guarantees that U satis�es the translation of the classical de�nition
of an ultra�lter being idempotent as given after Notation 2.4.

AU5 8X8Y 8Z(0 2 �U(X) & 8n(Y [n] = X � n)) & 8i(i 2 Z , i + 1 2 �U(Y )) !
0 2 �U(Z)). (If X 2 U then ffnj(X � n) 2 Ug = fnjfyjfn+ yg 2 Ug 2 U .)

We now explain how to extend theories T of second order arithmetic.

De�nition 3.1. If T is theory of second order arithmetic speci�ed by a set of axioms as
well as axiom schemes giving an axiom involving ' for each ' 2 � for some syntactically
de�ned class � (in the usual way as for comprehension axioms), then T IU (T U) is the
same set of axioms as T but we replace the class � by the class of formulas of LU with
the same syntactic speci�cation with the understanding, of course, that formulas of the
form n 2 �U(X), Y = �U(x) and �U(X) = �U(Y ) are atomic. (For example, For ACAIU0
we include comprehension axioms for all arithmetic formulas in the language LU .) In
addition, T IU (T U) has axioms AU1�AU5 (AU1�AU4).

Remark 3.2. For those familiar with the extended language of Towsner [2014], it is not
hard to see that ours is at least as expressive as his. His language introduces second
order terms Tt for each second order term T and each �rst order term t and a unary
predicate U on second order terms written T 2 U . The intended semantics for the Tt
are expressed by the added axioms saying that n 2 Tt , ht; ni 2 T . We can convert his
formulas to ours by replacing an arbitrary new atomic formula of the form X 2 U by
0 2 �U(X), ones of the form (: : : (Xt1)t2)t3 : : :)tn 2 U by ht1; : : : ; tni+1 2 �U(X) and ones
of the form s 2 (: : : (Xt1)t2)t3 : : :)tn by ht1; : : : ; tn; si 2 X. It is not immediately obvious
that (in ACA0) one can express formulas such as n 2 �kU(X) in his language.

In the next section we will prove conservation results for T IU over T for many of the
standard systems of reverse mathematics. To see that this is meaningful in the sense
of possibly showing that proofs using idempotent ultra�lters can be replaced by ones
in second order arithmetic otherwise at the same level of complexity, we show how to
convert the standard proof of IHT using an idempotent ultra�lters to one in ACAIU0 .

We mimic the standard Galvin-Glazer proof using an idempotent ultra�lters on
hM;+i (as in Todorcevic [2010, Theorem 2.20]). Like many other proofs using ultra-
�lters, this proof uses an inductive construction choosing sets in the ultra�lter in an
inductive fashion that depends at each step on the previously chosen sets. In general this
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is not a procedure that can be done in ACAIU0 (even if the inductive step is arithmetic).
(On its face, such a construction may use something like strong �11-DC0 and certainly
some are provably beyond the reach of ACAIU0 .) We make one simple change for this
construction. Instead of choosing the successive sets in the ultra�lter, we describe the
results of all possible paths through the inductive argument in advance. This allows us
to work inside ACA0 after using only one instance of our operator �U instead of some-
thing that seems like a dependent sequence of choices. This type of argument will play
a crucial role in the analysis of our notion of forcing and our conservation results in §4.
Two di¤erent approaches to this problem appear in our treatment of another example
(the Milliken-Taylor theorem) in Theorem 3.4 in ACAIU0 and in Theorem 4.16 in stronger
systems but ones still weaker than �11-DC0.

Theorem 3.3. ACAIU0 ` IHT .

Proof. We work in ACAIU0 . Let hfk; nki be a sequence of colorings of M as in the
statement of IHT (Theorem 2.8). We recursively de�ne by induction on levels a tree of
sequences � labeled with sets X� which will be downward nested with increasing �. We
begin with the root ; labeled with M . Given � of length 2k the immediate successors of
� are �^i for i < nk and we set X�^i = fx 2 X�jfk(x) = ig. If � is of length 2k + 1, its
immediate successors are �^x with x 2 X� and X�^x = fyjy; x + y 2 X�g. We now let
X be the code of the sets X�. We suppress the recursive coding of strings as numbers
as usual but note that for convenience we assume that the numbers which are codes for
strings � begin with 1 rather than 0. (This allows us to avoid the notational problems
engendered by reserving �U(X)(0) to code the membership of X in U and using the
numbers larger than 0 for the columns of X.)
Using �U(X) and the tree above, we now arithmetically (or indeed as we shall see

recursively) de�ne a path in the tree with nodes �n at level n and a sequence x2n+2 2
X�2n+1 that will satisfy the requirements for the given instance of IHT. We begin with
�0 = ;. Given �2k we let �2k+1 = �2k^i for the least i < nk such that �2k^i 2 �U(X) (i.e.
X�2k^i 2 U). Given �2k+1 we let �2k+2 = �2k+1^x for the least x > 0; x2k+1 (necessarily
in X�2k+1) such that �2k+1^x 2 �U(X) (i.e. X�2k+1^x 2 U) and let x2k+2 = x. In either
case, if there is no such extension the sequences terminates.
We now prove by induction on n that �n 2 �U(X) (i.e. X�n 2 U) and the sequences

of strings � and sets X� never terminate. Given �2k 2 �U(X), there are only nk many
immediate successors �2k^i and the corresponding X�2k^i partition X�2k . As U is an
ultra�lter, one of them must be in U . More formally, one of the �2k^i is in �U(X) by
AxiomAU3 and so there is a least one i which gives us �2n+1 = �2n^i with �2n+1 2 �U(X)
as required. (Note that arithmetic comprehension for formulas of LU and open induction
easily imply that U is closed under M-�nite intersections.) Given �2k+1 2 �U(X), the
axiom AU5 for U being an idempotent ultra�lters, guarantees that for some (indeed U
many) x 2 X�2n+1 , �2n+1^x 2 �U(X) (i.e. X�2n+1^x 2 U). (The axiom says that, as
X�2n+1 2 U , fxjX�2n+1 � x 2 Ug = fxjfyjx + y 2 X�2n+1g 2 Ug 2 U and so by AU3
fxj fy 2 X�2n+1jx + y 2 X�2n+1g 2 Ugg 2 U . For any x in this last set, X�2n+1^x =
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fyjy; x+ y 2 X�2n+1g 2 U as required.) Thus there is a least one x and �2n+2 = �2n+1^x
and x2n+2 = x for the least such x.

Finally we prove that the sequence of x2n+2 witnesses the desired conclusion of IHT.
Consider any m. We want to prove that FS(fx2n+2jn � mg) � X�2m+1 and so is mono-
chromatic for fm as if �2m^i = �2m+1, fm(x) = i for all x 2 X�2m+1 by the de�nition of
�2m+1. We claim that FS(fx2n+2jn � mg) is contained in X�2m+1 and so monochromatic
to i for fm. Consider any sum x = x2n0+2+x2n1+2+ : : :+x2nk+2 with m � n0 < : : : < nk.
We prove by induction on k that x 2 X�2n0+1

and so x 2 X�2m+1 as n0 � m and the
X�n are downward nested. We have the base case k = 0 by the argument above taking
m = n0. Consider now the case that k > 0 and let z = x2n1+2+ : : :+x2nk+2. By induction
z 2 X�2n1+2

� X�2n0+1^x2n0+2
= fyjy; x2n0+2+y 2 X�2n0+1

g. Thus x = x2n0+2+z 2 X�2n0+1

as required.

As another example of a common ultra�lter proof of a standard combinatorial prin-
ciple that can be done in ACAIU0 , we consider the proof of the Milliken-Taylor theorem
in Bergelson and Hindman [1989, Corollary 2.4]. This theorem is a combination of Ram-
sey�s theorem for r-colorings of size k sets of natural numbers and Hindman�s theorem
for �nite sums.

Theorem 3.4 (Milliken-Taylor). Let k; r 2 N and let [N]k = [fAiji < rg. Then there
exists an i < r and an increasing sequence hxii such that whenever �1 = n(0) < n(1) <
� � � < n(k) and, for 1 � t � k, at 2 FS(hxmjn(t� 1) + 1 � m � n(t)i), fa1; : : : ; akg 2
Ai.

Proof (in ACAIU0 ). We denote by MT(k) the assertion of the theorem for �xed k (but for
all r). We indicate how to read the proof in Bergelson and Hindman [1989] as one for a
modelMU of ACAIU0 . Note that while we may take r to be any number in the model, we
restrict ourselves to proving MT(k) for standard k so that we can handle the backward
induction on k in Bergelson and Hindman [1989], Theorem 2.3] in ACAIU0 . We �x both
k 2 N and r 2M for the argument.

The basic tool in the proof is a form of Ramsey�s theorem for k-tuples (and r colors)
where the homogeneous set is constructed from a descending sequence Dn of sets in
the given ultra�lter U (called p in their notation) with certain extension properties. As
Bergelson and Hindman point out, the proof of their Theorem 2.3 does not use the
idempotence of the ultra�lter and so we carry it out in ACAU0 . The main issue from the
viewpoint of ACAU0 is the construction of the setsBt(E; i) for t � k, i < r andE 2 [M ]t�1.
The de�nition begins innocuously enough with Bk(E; i) = fy 2MnEj E [fyg 2 Aig. It
then proceeds by backward induction on t < k by setting Bt(E; i) = fy 2MnEj Bt+1(E[
fyg; i) 2 Ug. Assuming we have (a real in our model coding) which of all the Bt+1(E; i)
for E 2 [M ]t are in U (which we certainly do for k itself by ACAU0 ), we can clearly de�ne
(a real coding) all the Bt(E; i) and so there would be a real in our model coding which
of all the Bt(E; i) are in U again by ACAU0 . Thus as long as k is standard we can show
(by an external induction through k many steps) that there is a real in the model coding
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all the Bt(E; i) for t � k and which of them are in U . Equipped with this real as a
parameter the construction of the Dn in Bergelson and Hindman [1989, Theorem 2.3] is
carried out routinely in ACAU0 using just the properties for U being an ultra�lter.
Bergelson and Hindman [1989] then deduce our Theorem 3.4 as their Corollary 2.4

using the fact that U is idempotent. The procedure is much like the Galvin-Glazer proof
of Hindman�s theorem and can be modi�ed to �t ACAIU0 in the same way as in our proof
of Theorem 3.3, by building a tree of all possible choices of the xi and corresponding sets
Ci with C = D0, x0 2 C0 and C0�x0 2 U . Inductively if we have the sequences up to Cn
we consider the x 2 Cn along with Cn� x and intend to choose as xn+1 an x larger than
l(n) = the sum of all the previous xi with Cn�x 2 U and set Cn+1 = Cn\Cn�x\Dl(n+1).
As before, we can recursively lay out the tree of all possible constructions with a single real
coding all the possible choices of the xn and Cn along each path. Asking the appropriate
array of questions about membership in U then produces a real which guides the choice of
an in�nite path in this tree to construct a speci�c sequences which has all the desired sets
in U . (The proof of nontermination is just the proof that the inductive step in Bergelson
and Hindman [1989, Corollary 2.4] works, i.e. that U is idempotent.) Armed with this
sequence the proof that hxni is as desired, is as they say routine and we note that it
works in ACAIU0 without any concerns .

We note that essentially the same ultra�lter proof of Theorem 3.4 appears in Hindman
and Strauss [2012, Ch. 18] along with two other versions of the theorem bearing the same
relationships to the Milliken-Taylor theorem that FU and GG bear to HT. The derivations
of these results there from the Milliken-Taylor Theorem are purely combinatorial and
work in ACA0. Thus they too are consequences of IHT. Thus all of these theorems are
provable in IHT and so ACA+0 .

We also note that Hirst [2004] has shown this result for MT(k) for each k 2 N by
a much more direct proof. We discuss the proof theoretic strengths of 8kMT (k) in
the explication of Theorem 4.16 after the analysis of conservation results over ATR0
(Theorem 4.14 and Corollary 4.15) and its recursion theoretic strength in the appendix
after Corollary 6.2.

4 Notions of Forcing

We assume from now on that all structures M for second order arithmetic are models
of ACA0. We use the language of forcing to construct the models of T IU (for various
theories T that include at least IHT and so ACA0) but need very little of even the basic
lemmas on forcing for the theories considered in Towsner [2014].

Recall that our language is that of second order arithmetic augmented by a unary
function symbol �U taking sets to sets. Our goal is, given a model M of T , to build a
subset U of the �sets�S ofM and to interpret �U(X) so that 0 2 �U(X), X 2 U and
n+1 2M , X [n] 2 U . We de�ne a notion of forcing 
IU with a de�nition of the forcing
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relation which di¤ers slightly from the usual one. It is de�ned globally and directly for
all arithmetic sentences to correspond to being true for every su¢ ciently generic �lter
extending the condition. We take U to be canonically de�ned from a generic (overM)
�lter for this forcing.

De�nition 4.1. Our notion PIU of forcing (really this should be PMIU but we omit the
superscript when no confusion should arise) has as conditions sequences u inM of the
form hU0; U1; : : : ; Ui; : : :ii2M such that there is a sequence y0 < y1 < y2 < : : : (in M)
such that, for every i, Ui = FS(yi; yi+1; : : :). We de�ne extension for PIU by v = hVii �
hUii = u, 8i9j(Ui � Vj).

Remark 4.2. This de�nition clearly implies that, if u = hU0; U1; : : :i 2 PIU then, for
each i, Ui is in�nite, Ui � Ui+1 and \Ui = ;. Moreover, we can uniformly arithmetically
translate between the representations of u as hUii and hyii: Clearly, Ui is uniformly
arithmetic in hyii as Ui = FS(yi; yi+1; : : :). In the other direction yi is the least element
of Ui � Ui+1. We are thinking of u as representing the �lter Fu = fA 2 Sj9i(A � Ui)g.
It is easy to see that this set is anM-�lter for any u 2 PIU and, for example, if v � u
then Fv � Fu. So we abuse notation by using A 2 u (for A 2 S and u a condition in
PIU) to mean that 9i(A � Ui). Given any (M-generic) �lter U on PIU (i.e. a �lter on
PIU which meets all dense sets de�nable in M), the corresponding (M-generic) object
U is fA 2 Sj(9u 2 U)(A 2 u)g. Note that both membership and extension in PIU are
arithmetic relations inM.

Lemma 4.3. If huii is a descending sequence in PIU in M then there is a condition u
extending every ui.

Proof. Let the sequences yi;j and Ui;j be associated with ui as in De�nition 4.1. By
Remark 4.2 and the de�nition of extension there is a function h de�ned by the following
recursion:

h(0) = 0

h(i+ 1) = �k(k > h(i) & (8n;m � h(i))(Un;m � Uh(i);k).

We now let zi = yh(i);h(i+1) and de�ne v to be the associated condition. We claim that
v � ui for every i. Indeed, for any Un;m choose an i such that n;m < h(i) and note that,
by induction on j, for every j > i, Un;m � Uh(j);h(j+1) and so zj = yh(j);h(j+1) 2 Un;m and
Un;m � Vj as required.

To get the forcing relation started (for arithmetic sentences of LU with set parameters)
we begin with the idea of deciding a set X.

De�nition 4.4. A condition u 2 PIU decides a set X 2 S if (X 2 u _ �X 2 u) and
8n(X [n] 2 u _X [n] 2 u).

Proposition 4.5. If u decides X, then there is a set Y 2 S such that 0 2 Y , X 2 u
and n + 1 2 Y , X [n] 2 u. We then say that u 
 �U(X) = Y . The relation u decides
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X, the set Y such that u 
 �U(X) = Y and the relation u 
 �U(X) = Y are uniformly
arithmetic (in u, X and Y as relevant).

Proof. That the relation u decides X is uniformly arithmetic is immediate from the
de�nition of deciding. (Note, for example that, X [n] 2 u means that (9i)(8m)(m 2 Ui !
hn;mi 2 X.) The �rst assertion then follows immediately from the de�nitions and the
fact thatM � ACA0. The other assertions then follow from the de�nitions.

De�nition 4.6. As a matter of notation at this point, we let �0U(X) = X and �n+1U (X) =
�U(�

n
U(X)). We say u decides �

n+1
U (X) if u decides Y for the Y such that u 
 �nU(X) = Y

where we are also de�ning u 
 �nU(X) = Y by the obvious induction.

Proposition 4.7. By iterating the previous Proposition, the relations u decides �n+1U (X),
u 
 �nU(X) = Y and the set Y 2 S such that u 
 �nU(X) = Y are uniformly arithmetic in
the sense that there is a recursive function that, for each n, supplies arithmetic formulas
'n1 ; '

n
2 and '

n
3 (whose complexity depends on n) such that '

n
1 (u;X) holds if and only if u

decides �n+1U (X); 'n2 (u;X; Y ) holds if and only if u 
 �nU(X) = Y and 'n3 (u;X;m) holds
if and only if m is a member of the set Y such that 'n2 (u;X; Y ), i.e. u 
 �nU(X) = Y .

We de�ne the forcing relation between conditions and sentences of LU for arithmetic
sentences in terms of these relations.

De�nition 4.8. Let �(Z1; : : : Zm) be an arithmetic formula of LU with the free second
order variables displayed. Consider an instance of �(X1; : : : Xm) speci�ed by choosing
values Xi 2 S for the Zi and a condition u. We say that u 
 �(X1; : : : Xm) if u decides
every �njU (Xi) occurring in � andM satis�es the sentence gotten from �(X1; : : : Xm) by
substituting the formula saying that k 2 Yi;j for the Yi;j such that u 
 �

nj
U (Xi) = Yi;j

for the new atomic formulas k 2 �
nj
U (Xi), Xi = Yj;k for Xi = �nkU (Xj) and Yi;j = Yl;k

for �njU (Xi) = �nkU (Xl). We now proceed by induction to de�ne forcing for second order
sentences of LU (which we assume to be in prenex normal form) in the obvious way. We
say u 
 9Z�((X1; : : : Xm; Z) if there is anXm+1 2 S such that u 
 �((X1; : : : Xm; Xm+1).
On the 8 side we say u 
 8Z�((X1; : : : Xm; Z) if there is no v � u and no Xm+1 2 S such
that v 
 :�((X1; : : : Xm; Xm+1) where we use :� as an abbreviation of the standard
prenex normal form equivalent of the negation of �.

Proposition 4.9. For arithmetic sentences �(X1; : : : Xm) of LU , the relation u 
 �(X1; : : : Xm)
is uniformly arithmetic in u and X1; : : : Xm. For �1n (�

1
n) sentences �(X1; : : : Xm) of LU

the relation u 
 �(X1; : : : Xm) is uniformly �1n (�
1
n).

Proof. The arithmetic case follows directly from the de�nition of forcing and Proposition
4.7. The second order cases then follow by the obvious induction.

Proposition 4.10 (IHT). Assume M � IHT . For each sequence hXmi 2 S, the set
fuj8m(u decides Xm)g is dense in PIU . For each sentence � of LU (with set parameters),
the set fuju decides �g is also dense in PIU . (We say u decides � if u 
 � or u 
 :�
as usual.)
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Proof. Consider any hXmi 2 S and v 2 PIU generated by the sequence hzii as in De�nition
4.1. By Lemma 2.11 we may, by a re�nement gotten by replacing zi by sums of zj for
j � i, assume that there is an increasing sequence si such that 2sijzi but 2si+1 - zi. So
for z = zi0 + : : : + zin with i0 < : : : < in, z 2 Vi0 � Vi0+1 and i0 is the maximum j such
that z 2 Vj. Now consider the subsemigroup Z of M generated by the zi and apply IGG
for the sequence of colorings given by fh0;mi(x) = 1 if x 2 Xm, fh0;mi(x) = 0 if x =2 Xm,
fhn+1;mi(x) = 1 if x 2 X [n]

m and fhn+1;mi(x) = 0 if x =2 X [n]
m to get a homogeneous subset qi

of Z. We may now re�ne the condition w generated by the qi (which are themselves �nite
sums of zi) as before to get one u generated by yi with an increasing sequence ti > si such
that 2tijyi but 2ti+1 - yi but that is still homogeneous in the sense of IGG. Thus for each
yi there is a maximal j such that yi 2 Vj. (As with the sum z above, this j is determined
by the positions of the tk with respect to the sl.) For this j, Ui � Vj as required for u to
be an extension of v. The IGG homogeneity of the sequence yi guarantees that for each

m, Xm � Ui or Xm � Ui and for each hn+ 1;mi, X [n]
m � Ui or X

[n]
m � Ui for some i as

required.

The second assertion now follows easily from the de�nitions of deciding sentences �
and terms �nU(X) by induction on both the complexity of � and the depth of �U terms
occurring in �.

Theorem 4.11. IfM � IHT and both U and the associated U areM-generic for PIU ,
then MU is an LU structure and a model of ACAIU0 . Moreover, any sentence � of LU
(with second order parameters) is true in MU if and only if there is a u 2 U such that
u 
 �. Finally, U is an idempotentM-ultra�lter.

Proof. Consider any M-generic U and any X 2 S. By Proposition 4.10, there is a
u 2 U (which decides X) and a (necessarily unique) Y 2 S such that u 
 �U(X) = Y .
Moreover, for any v 2 U and Z 2 S such that v 
 �U(X) = Z, Y = Z. If not, then,
without loss of generality, there is some n such that X [n] 2 u but X [n] =2 v (or X 2 u but
X =2 v) and so X [n] 2 v ( �X 2 v). So there are i and j such that X [n] � Ui but X [n] � Vj
(or X � Ui but X � Vj). This would contradict the compatibility of all u; v 2 U as any
w � u; v would have some Wk � Ui � X [n] (or X) and some Wl � Vj � X [n] (or �X)
and so Wk \Wl = ;. Thus there is a well-de�ned function speci�ed on S by �U(X) = Y
where u 
 �U(X) = Y for some u 2 U. This function makesMU into an LU structure
as desired.

Next consider any arithmetic sentence �(Y1; : : : Yk) of LU with second order parame-
ters displayed. By Proposition 4.10, there is a u 2 U which decides �(Y1; : : : Yk). It is
clear from the de�nition of forcing and our interpretation of �U(X) inMU thatMU � �
if u 
 � and MU � :� if u 
 :�. It is now an easy induction to show that every
sentence � of LU is true inMU if and only if it is forced by some u 2 U.
Now consider any instance of a comprehension axiom of ACAIU0 given by�(Y1; : : : Yk; x)

with � as above except that it now has one free number variable x. By Proposition 4.10,
there is a u 2 U which decides every �nU(Yi) occurring in � and so for each a, u forces
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�(Y1; : : : Yk; a) or its negation and the corresponding sentence is true inMU . As u forcing
�(Y1; : : : Yk; a) and forcing its negation are arithmetic relations inM, the set of a 2 M
such that MU � �(Y1; : : : Yk; a) is arithmetically de�nable in M (using u) and so a
member of S as required (asM � ACA0).
Finally, we show that MU satis�es the special axioms for U being an idempotent

ultra�lter. If X 2 U , i.e. 0 2 �U(X), then by de�nition X 2 u for some u 2 U,
i.e. X � Ui for some i and so is in�nite by De�nition 4.1 and MU satis�es AU1. If
Y � X 2 U then for some u 2 U, Y � X � Ui and so Y 2 U andMU satis�es AU2. If
X; Y 2 U then there are u; v 2 U and i and j such that X � Ui and Y � Vj. As U is
a generic �lter it contains a condition w � u; v. The de�nition of extension provides k
and l such that Ui � Wk and Vj � Wl. Now clearly, X \ Y � Wk \Wl = Wmaxfk:lg by
De�nition 4.1. So X \ Y 2 U andMU satis�es AU3. Next for any X there is a u 2 U
which decides X and so an i such that X � Ui or �X � Ui, i.e. X 2 U or �X 2 U andMU

satis�es AU4 .
For the last axiom, AU5, suppose X 2 U and so X � Ui for some u 2 U (determined

by hyii). We also suppose that 8n(Y [n] = X � n)) and 8i(i 2 Z , i + 1 2 �U(Y )). By
De�nition 4.1, Ui = FSfyjjj � ig and if we take any z 2 Ui with z = yi0 + � � � + yim
(i � i0 < � � � < im) then X � z � Ui� z � Uj for any j > im and so X � z 2 U for every
z 2 Uim+1 and we satisfy AU5.

Corollary 4.12. ACAIU0 is a conservative extension of IHT for all sentences of second
order arithmetic.

Proof. Note that by Theorem 3.3, ACAIU0 ` IHT . On the other hand, suppose ACAIU0 `
�. Theorem 4.11 shows that every model of IHT can be extended to oneMU of ACAIU0
with the same M and S. So, if for any sentence � of second order logic there is an
M � IHT & :�, then for any M-generic U , MU � :� & ACAIU0 for the desired
contradiction.

As noted in Towsner [2014] for his language in the context of ACAU0 , it does not make
sense to consider weaker systems than ACA0 as ACAIU0 is a conservative extension of
RCAIU0 for all sentences of second order arithmetic. Indeed the axioms of the apparently
stronger theory are provable in the weaker. (He says this follows from results of Kirby
[1984].) We give a easy proof.

Proposition 4.13. RCAU0 `ACAU0 .

Proof. We consider de�nitions of sets by arithmetic formulas in prenex normal form
fnj'(n; �x; �W )g (with additional free number and set variables �x, �W ). We prove by
(external) induction on the number of (�rst order) quanti�ers in ' 2 LU that a set as
de�ned by the formula exists, i.e. 8 �W8�x9Y (n 2 Y $ '(n; �x; �W )). (As usual we can
suppress the �W which gets carried along for the ride in the proof.) Consider the case that
' has one existential quanti�er ' = 9x1'1(n; x1; x2; : : : ; xk). In RCAU0 we see that there
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is a set Z such that Z [hn;x2;:::;xki] = fsj(9x1 < s)('1(n; x1; x2; : : : ; xk). It is clear that each
such column of Z is either empty or co�nite. Moreover, for every hx2; : : : ; xki, the set
fnj hn; x2; : : : ; xki+1 2 �U((Z)g exists (by RCAU0 ) and supplies the witnesses needed for
this '. Indeed one has Y1 with Y

hx2;:::;xki
1 = fnj9x1 < t)('1(n; x1; x2; : : : ; xk)g. We can

now prove the existence of Y2 with Y
hx3;:::;xki
1 = fnj8x29x1 < t)('1(n; x1; x2; : : : ; xk)g in

the same way using Y1 as an additional parameter and then proceed by induction.

On the other hand, it makes perfect sense to ask about theories stronger than ACA0.

Theorem 4.14. If T is any one of ACA+0 , ATR0, �
1
1-CA0 or �

1
2-CA0,M � T and U is

M-generic for PIU thenMU � T IU .

Proof. ACA+0 : The desired result follows immediately from Theorem 4.11 and the de�-
nition of ACA+0 : Every X 2 MU is inM by the de�nition ofMU . IfM � ACA+0 then
there is a (unique) set Y inM satisfying (inM) the implicit arithmetic de�nition of Y
from X given by the de�ning axiom of ACA+0 . Again, by the de�nition ofMU , this Y is
inMU . As the numbers ofMU are the same as those ofM, X and Y satisfy the implicit
de�nition of the de�ning axiom inMU as required.

ATR0: We just have to prove the comprehension axioms for ATRIU0 and so, for each
instance of the axiom and each condition u (forcing the hypotheses of the axiom) we need
an extension v of u which forces the conclusion. Note that a set codes a well ordering in
M if and only if it codes one inMU by Theorem 4.11. Suppose we are given an instance
of the axioms speci�ed by a well ordering hX;<Xi in MU and an arithmetic formulas
�(z; Z) of LU possibly with number and set parameters. For convenience we assume that
hX;<Xi is one of the set parameters and x one of the number parameters.
The given instance of ATRIU0 is then speci�ed by an arithmetic formula �(n; Z) of

LU containing these parameters with n and Z free. We want a set Y such that, for
each x 2 X, 8n(n 2 Y [x] , �(n; Y [<x]). The basic idea is that we want to prove the
existence of a set hY; Zi such that, for each x 2 X, Z [x] 
 8n(n 2 Y [x] , �(n; Y [<x]))
and, for x <X y, Z [y] � Z [x] � u. Our plan is to expand <X by inserting additional steps
so that a �xed �̂ will de�ne the desired sequence of pairs. For each set



Y [<x]; Z [<x]

�
;

and x 2 X we know that there is a
D
Ŷ ; Ẑ

E
with

D
Ŷ [<x]; Ẑ [<x]

E
=


Y [<x]; Z [<x]

�
such

that Z [x] 
 8n(n 2 Ŷ [x] , �(n; Ŷ [<x])) and Z [x] � Z [y] for every y < x. (For nota-
tional simplicity, we are assuming that hY; Zi[x] =



Y [x]; Z [x]

�
.) We want to specify a

well-ordered sequence of arithmetic operators that will produce such a result. One could
do this by hand but we use a metatheorem that relies on the fact that this �12 asser-
tion is provable in IHT and so in ACA+0 (Blass, Hirst and Simpson [1987,4.13]). Theo-

rem 6.1 says that there are e; k 2 N such that 8X8x8 hY; Zi 9
D
Ŷ ; Ẑ

E
(
D
Ŷ [<x]; Ẑ [<x]

E
=


Y [<x]; Z [<x]
�

& Z [x] 
 8n(n 2 Ŷ [x] , �(n; Ŷ [<x])) &(8y <X x)(Z [x] � Z [y]) &D
Ŷ ; Ẑ

E
= �e(

D
Ŷ [<x]; Ẑ [<x]; hX;<Xi ; x

E(!�k)
). So we can form a new well ordering which
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inserts ! � k steps between each x 2 X and its immediate successor x + 1 each of which
produces the Turing jump of its input and at the step at the end corresponding to x+1 in

<X applies �e to
D
Ŷ [<x]; Ẑ [<x] hX;<Xi ; x

E(!�k)
which is arithmetic in the new sequence

inserted between x and x+1. (In the usual way, we are using Z(!�k) to denote the result
of iterating the Turing jump ! � k many times beginning with Z.)
The fact that the relations of extension and forcing the relevant sentences are arith-

metic follow from Remark 4.2 and Proposition 4.9. The existence of some


Y [x]; Z [x]

�
as required follows from Proposition 4.10 at successor steps in <X . For x a limit point,
one would �rst arithmetically de�ne a strictly ascending sequence in <X with limit x
and apply Lemma 4.3 before using Proposition 4.10. Thus the desired �12 assertion is
provable in IHT and so ACA+0 as required for Theorem 6.1

Now given the hY; Zi witnessing the truth of this new instance of ATR0 inM, we can
de�ne Ŷ by the arithmetic formula n 2 Ŷ [x] , Z [x] 
 �(n; Ŷ [<x]). A standard trans�nite
induction together with the representation of truth inMU by forcing conditions in PIU
now shows that the Ŷ so de�ned is the one required for the instance of ATRIU0 with which
we began and one more application of Lemma 4.3 gives the z � Z [x] � u for every x 2 X
that forces everything and gives the density result needed to show that there is a Ŷ as
required in everyMU .

�11-CA0: We prove�
1
1-CA0 which is obviously equivalent to�

1
1-CA0. Suppose 9X�(X; i)

is a �11 formula of MU . As u 
 �(Y; n) and being an extension in PIU are arithmetic
predicates (of Y , u and n), we can apply strong �11-DC0 (which is a consequence of �

1
1-

CA0) to get a sequence hYi; uii with u0 2 PIU arbitrary, ui+1 � ui and ui+1 
 �(Yi; i) if
there is any hY; vi with v � ui such that v 
 �(Y; i). By Lemma 4.3, there is a condi-
tion u extending all the ui. By genericity, then there is such a u 2 U . We claim that
MU � 9X�(X; i), u 
 �(Yi; i). Of course, by our previous argument, if ui+1 
 �(Yi; i),
MU � �(Yi; i) (and so u 
 �(Yi; i)) and MU � 9X�(X; i). For the other direction, if
ui+1 1 �(Yi; i), then, by strong �11-DC0, no v � ui forces 9X�(X; i) so, in particular,
u 1 9X�(X; i). In this case,MU 2 9X�(X; i) by the usual facts about forcing. (In this
case, we could argue for this directly from the de�nitions and above results.)

�12-CA0: The argument is essentially the same as for the previous case since �
1
1-CA0

proves strong �12-DC0.

Corollary 4.15. For T any of the theories mentioned in Theorem 4.14, T IU is a con-
servative extension of T for all sentences of second order arithmetic.

We now return to the example of the Milliken-Taylor theorem, MT(k), for all k and
the problem of carrying out constructions that inductively de�ne sets using the ultra�lter
at each step. Using the analysis in Theorem 4.14 for special cases of ATR0 we can now
handle situations in which the sets required are de�ned from the previous ones by an
arithmetic formula including the ultra�lter (in the disguise of �U). Of course, we must
now deal with all k in our modelMU not just the standard ones in N. Note that MT(k)
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clearly implies RTkr , Ramsey�s theorem for k-tuples and all colors r by taking at = xn(t).
As 8k8rRT kr is not provable in ACA0 (see Hirschfeldt [2104, Corollary 6.24]), 8kMT (k)
is not provable in ACAIU0 by Theorem 4.15.

The only part of the proof of MT(k) for standard k outlined in Theorem 3.4 that
used the fact that k 2 N was in the construction of the sets Bt(E; i) for t � k. Note that
the de�nition of Bt(E; i) in Bergelson and Hindman [1989, Theorem 2.3] given above is
arithmetic in the real coding all the Bt+1(E; i) for E 2 [N]t in LU . Thus for each k 2M0

we can represent this de�nition as an example of ATRIU0 over an ordering of length k.
Thus we immediately have that 8kMT (k) is provable in ATR0. Of course, much less is
needed as we only need instance of orderings of length k for each k 2 M0. Looking at
the proof for ATR0 in Theorem 4.14, one sees that all one needs in the ground model are
instances of ATR0 of length k(! �n) for some �xed n 2 N (the k in that proof). Moreover,
if IHT is provable in ACA0 then (still by Theorem 6.1) we can replace the !-jump in this
calculation by the Turing jump and so instances of ATR0 of length k � n (for some �xed
n 2 N) in the model M would su¢ ces.

It is clear that all instances of ATR0 for orderings of length a number in M0 are
provable in the system usually denoted ACA

0
0 which asserts the existence of X

(k), the kth
Turing jump of X, for each k and X. (Indeed these two systems are clearly equivalent.)
By analogy one could label the system which asserts the existence of X!�k, the, the ! � k
jump of X, for each k and X, (ACA+0 )

0
. It is equivalent to the axioms for ATR0 restricted

to orderings of type ! � k, so an alternative notation for ACA0
0 and (ACA

+
0 )

0
might be

ATR<!0 and ATR<!�!0 for instances of ATR0 of length less than ! and ! �!, respectively.
We thus have good bounds on the proof theoretic strength of 8kMT (k).

Theorem 4.16. (ACA+0 )
0 ` 8kMT (k). If ACA0 ` IHT then ACA

0
0 ` 8kMT (k) and

indeed ACA
0
0 and 8kMT (k) are equivalent over RCA0.

Proof. We have already argued for everything except the last claimed equivalence. This
follows from our previous observation that 8kMT (k) ` 8k; rRT kr while McAloon [1985,
Theorem B] (or see Hirschfeldt [2104, Theorem 6.27]) proves that 8k; rRT kr ` ACA

0
0.

Note that even if ACA0 does not prove IHT, we are still quite close to the best possible
result as even MT(3) proves IHT (Hirst [2004, Theorem 6]).

If we are interested essentially in the divide between second and third order methods,
then we would like results analogous to Theorem 4.14 and Corollary 4.15 for Z2. The
same proof does not work as the relevant instances of strong dependent choice are not
provable in Z2 (see Simpson [2009, VII.6.3]). Nonetheless, our methods applied to theories
satisfying 9X(V = L[X]) yield a conservation result for ZIU2 over Z2 for essentially all
sentences of combinatorial interest.

Proposition 4.17. If T = Z2 + 9X(V = L[X]), M � T and U is M-generic for PIU
thenMU � T IU .
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Proof. Proceed as in the case for �11-CA0 in Theorem 4.14 but use strong �
1
n-DC0 for each

n as needed. (By Simpson [2009, VII.6.5], strong �1n-DC0 is a theorem of Z2 + 9X(V =
L[X]) for each n

Corollary 4.18. ZIU2 is �14-conservative over Z2.

Proof. Suppose, for the sake of a contradiction, that �(X; Y; Z;W ) is arithmetic and
ZIU2 ` 8X9Y 8Z9W�(X;Y; Z;W ) butM = hM;S;+;�; <; 0; 1;2i � 9X8Y 9Z8W:�(X; Y; Z;W )
and M � Z2. Let X 2 S be a witness to the failure of our �14 sentence in M and let

Ŝ = (L[X])M and N =
D
M; Ŝ;+;�; <; 0; 1;2

E
. Note that, as usual, N � Z2 & V =

L[X]. We claim that N � 8Y 9Z8W:�(X;Y; Z;W ): Consider any Y 2 Ŝ � S. By
our assumptions, M � 9Z8W:�(X; Y; Z;W ) and so, by Shoen�eld absoluteness (see
Simpson [2104, VII.4.14]), N � 9Z8W:�(X; Y; Z;W ). Now by Proposition 4.17, we can
extend N to N IU while maintaining the same numbers M and the same class of sets Ŝ
so that N IU � ZIU2 + V = L[X]. As we also have N IU � 8Y 9Z8W:�(X; Y; Z;W ) we
have contradicted our assumption that ZIU2 ` 8X9Y 8Z9W�(X;Y; Z;W ) as desired

5 Ramsey Ultra�lters

We follow the same course as for idempotent ultra�lters with the natural changes. In
place of AU5 we have the following axiom saying that U is Ramsey:

AU5R 8X(


X [n]

�
partitions M into pairwise disjoint nonempty sets & 8n(n+1 =2 �U(X))

! 9Z(0 2 �U(Z) & 8njX [n] \ Zj = 1))

The language is the same as before. We denote by TRU the same theory as T IU except
that we replace AU5 by AU5R. The notion of forcing PRU is the same as PIU except
that the only restrictions on the Ui making up a condition u are that the Ui are in�nite
and nested with empty intersection. We now adopt the same de�nitions as for PIU (4.4,
4.6 and 4.8) for PRU . All the same results hold with minor simpli�cations of some of the
proofs as we no longer need to guarantee the extra requirements for conditions being in
PIU . We give the proofs only for those results where changes are needed. Note that we
only need ACA0 as our base theory rather than IHT.

Lemma 5.1 (4.3). IfM � ACA0 and ui is a descending sequence in PRU then there is
a condition u extending every ui.

Proof. Let ui as speci�ed by Ui;j be a descending sequence in PRU . As in Lemma 4.3
there is a function h de�ned by the following recursion:

h(0) = 0

h(i+ 1) = �k(k > h(i) & (8n;m � h(i))(Un;m � Uh(i);k).
We now set Vi = Uh(i);h(i+1) and verify as before that the associated condition v � ui

for every i.
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Proposition 5.2 (4.10 in ACA0). For each sequence Xm 2 S, the set fuj8m(u decides
Xm)g is dense in PRU . For each sentence � of LU (with set parameters), the set fuju
decides �g is also dense in PRU .

Proof. It is clear that by coding the Xm and X
[n]
m as the columns X [k] of a single X that

it su¢ ces to �nd, for any condition u = hUii, an extension v = hVki such that, for each
k, X [k] 2 v or X [k] 2 v. Begin with X [0]. It is clear that either there are in�nitely many
(and so all as the Ui are nested) i such that Ui\X [0] 6= ; or there are in�nitely many (and
so all) such that Ui \X [0] 6= ;. Let Z0 be X [0] or X [0] accordingly and V0 = U0 \Z0. We
now de�ne Zk and Vk by induction: Zk+1 is either X [k] or X [k] whichever has nonempty
intersection with all the Uj\Z0\� � �\Zk. We then set Vk+1 = Uk+1\Z0\� � �\Zk\Zk+1. It
is clear that the Vk are nested, nonempty with empty intersection and so form a condition
v, As Uk � Vk, v � u. It is also clear by the de�nition of the Zk that X [k] or X [k] contains
Vk and so v decides X as required.

Theorem 5.3 (4.11). If M � ACA0 and U and the associated U are M-generic for
PRU thenMU is an LU structure and a model of ACARU0 . Moreover, any sentence � of
LU (with second order parameters) is true in MU if and only if there is a u 2 U such
that u 
 �. Finally, U is a RamseyM-ultra�lter.

Proof. No changes (other than replacing IU by RU) are needed except for the veri�cation
that U is a RamseyM-ultra�lter, i.e. MU � AU5R (rather than AU5). By what we
know at this point it su¢ ces to show that for every X such that



X [n]

�
partitionsM into

pairwise disjoint nonempty sets and every condition u which decides X and W where
W [m] = [fX [n]jn � mg with n+ 1 2 �U(W ) and n+ 1 =2 �U(X) for all n that there is a
v � u which forces the conclusion of AU5R: 9Z(0 2 �U(Z) & 8njX [n] \ Zj = 1.
By de�nition, 8m9i(W [m] � Ui) so, by the properties of the Ui determining a condition

and the fact that the X [n] partition M , there is an increasing function g such that
8i(Ui \ X [g(i)] 6= ;). We let ri be the least element of Ui \ X [g(i)] and R = friji 2 Mg
so Vi = Ui \ R is in�nite for every i and de�nes a condition v � u with R � V0. Now
choose tj 2 X [j] for each j =2 rg(g) and set T = ftjjj =2 rg(g)g. Let Z = R [ T . Clearly
jZ \ X [n]j = 1 for all n (the set consists of precisely rn or tn depending on whether
n 2 rg(g) or not. Moreover, Z � R � V0 and so v forces that Z is a witness to the
conclusion of AU5R as required.

The same arguments as for the remaining results in §4 with RU replacing IU and the
corresponding versions of all the previous results of §4 now give all the same results for
Ramsey ultra�lters as we had for idempotent ultra�lters.

Corollary 5.4. ACARU0 is a conservative extension of ACA0 for all sentences of second
order arithmetic.

As for IU , it does not make sense to consider theories weaker than ACA0 for such
conservation results (as the same proof as for Proposition 4.13 shows that ACARU0 is
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a conservative extension of RCARU0 ). However, the analogous theorems hold for the
stronger theories.

Theorem 5.5. If T is any one of ACA+0 , ATR0, �
1
1-CA0 or �

1
2-CA0,M � T and U is

M-generic for PRU thenMU � TRU .

Corollary 5.6. For T any of the theories mentioned in Theorem 5.5, TRU is a conserv-
ative extension of T for all sentences of second order arithmetic.

Proposition 5.7. If T = Z2+9X(V = L[X],M � T and U isM-generic for PRU then
MU � TRU .

Corollary 5.8. ZRU2 is �14-conservative over Z2.

6 Appendix

Hirschfeldt [2014, §6.3] mentions an old proof theoretic result of Wang [1993] as saying
that if a �12 formula 8X(�(X)! 9Y	(X; Y )) is provable in ACA0 then there is a k 2 N
such that ACA0 proves that for every X there is a Y 2 �0;Xk such that 	(X; Y ). (Note
that this means that in a nonstandard model the �0k formula may have nonstandard
parameters.) We strengthen this result and extend it to ACA+0 as we use this new
version to prove our preservation and so conservation result over ATR0 in Theorem 4.14
and Corollary 4.15. We also derive some recursion theoretic bounds on results provable
from IHT and so also by the ultra�lter arguments that are conservative over it.

The basic theorem can be generalized to systems containing RCA0 and speci�ed by
additional �12 axioms. The strengthened version applies to systems which, like ACA0
and ACA+0 , contain ACA0 and have axioms which de�ne operators which preserve the
order of Turing reducibility. The basic proof (for ACA+0 and the general case) follows
the compactness style argument given in Hirschfeldt [2014, Theorem 6.23] and attributed
there to Jockusch. We then apply a simple observation for the strengthening. Rather
than carry out the general proofs we simplify notation by considering just ACA0 and
ACA+0 . We then state the more general results which follow by the same arguments.

Theorem 6.1. Let T be ACA0 or ACA+0 , J be the (implicitly arithmetically de�ned)
Turing or arithmetic jump operator, respectively, with its iterates J (k) and let R be a �12
sentence 8X9Y (	(X; Y )) (with 	 arithmetic) such that T ` R. Then 9e; k 2 N such
that, T ` 8X9Y (Y = �e(J

(k)(X)) & 	(X; Y )), i.e. T ` 8X((9Y; Z)(Z;X satisfy the
�02 formula implicitly de�ning J

(k)(X) & Y = �e(Z) & 	(X; Y )) where �e(Z) is the
function given by the eth Turing machine with oracle Z.

Proof. We �rst prove the apparently weaker conclusion analogous to the result of Wang
that, for some k 2 N, T ` 8X9i9Y (Y = �i(J (k)(X) & 	(X;Y )); i.e. T ` 8X9i((9Y; Z)(Z;X
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satisfy the �02 formula implicitly de�ning J
(k)(X) & Y = �i(Z) & 	(X; Y )). (Note that,

for ACA0 this is the same as saying that there is a solution to 	 forX which is�X
k+1 (with

possibly nonstandard parameters) and we have Wang�s theorem above.) Consider the
parameterless arithmetic formulas �k(X), for k 2 N, which say that 9i	(X;�i(X(k))).
(Formally, 	(X;�i(X(k))) denotes the formula saying �i(X(k)) is a total characteristic
function and that the formula gotten by replacing, as usual, appearances of m 2 Y in
	 by �i(X(k)))(m) = 1.) If our desired result fails then T [ f:�k(C)g is consistent for
each k. Indeed, as it is obvious that T ` �k(C)! �k+1(C), T [f:�k(C)jk 2 Ng is also
consistent by compactness. So we may suppose that we have a countable modelM of T
with a set C such thatM � :�k(C) for each k 2 N. Now form the subset Ŝ of the sets
S ofM generated from C by J and closure under Turing reductions inM. De�ne M̂
as the substructure ofM with �rst order part that ofM (i.e. M) and second order part
Ŝ. As the �rst order parts ofM and M̂ are the same, truth of �rst order sentences with
second order parameters in Ŝ are the same inM and M̂. Thus, M̂ is also a model of T
and the J operator in M̂ is the restrictions of that inM. Now, by the usual (external)
construction of the closure inM of fCg under J and Turing reductions (in ! many steps)
and the fact that J preserves Turing reducibility, every Y 2 Ŝ is of the form �i(C(k)) for
some i 2 M and k 2 N and none of them satisfy 	(X; Y ) inM by assumption and so
none do in M̂. Thus M̂ is a model of T but not of R, for the desired contradiction.

Now we know that T ` 8X9i	(X;�i(X(k̂))) for some �xed k̂ 2 N. Suppose that 	 is
�0n for some n 2 N. By standard arguments, we can choose e; k 2 N (uniformly recursively
in k̂, the quanti�er rank of 	 and whether J is the Turing or arithmetic jump) such that
(provably in T ), for every X;m: m 2 �e(J

(k)(X)) , 9i	(X;�i(J (k̂)(X))) & m 2
�j((J

(k̂)(X)) for j the least such i). A point to notice here is that as k > k̂, J (k̂)(X) is
uniformly recursive in J (k)(X) and the properties we need can all be expressed in terms
of indices relative to J (k̂)(X) while k is taken to be su¢ ciently larger than k̂ that we can
decide all the relevant sentences about J (k̂)(X) uniformly recursively in J (k)(X). It is
now immediate that T ` 8X	(X;�e(X(k))).

We can now draw some recursion theoretic consequences which bound the complexity
of witness to �12 theorems of T (ACA0 or ACA

+
0 ) in the standard model of arithmetic.

The �rst is the obvious one that if T ` 8X9Y (	(X; Y )) then there is a k such that for
each X such that Y �T J (k)(X) (and indeed there is a �xed e such �e(J (k)(X)) is such
a witness). Thus, for example, as MT(n) is provable in IHT for each n 2 N (Theorem
3.4) there is, for each n 2 N a k 2 N and and e 2 N such that for every instance X of
MT(n), �e(J (k)(X) is the desired homogenous set. Here J being the !-jump works as
IHT is provable in ACA+0 . If it turns out that IHT is provable in ACA0 then the Turing
jump will work for J . Now the proof only works for standard n and so it does not say
much on purely general grounds about the strength of the assertion 8nMT (n) which we
analyzed proof theoretically in Theorem 4.16. We can, however, use our Theorem 6.1 to
derive recursion theoretic bounds. These comments and the Corollary we now give will
apply just as well to the extensions of Theorem 6.1 in Corollary 6.6 and Theorem 6.8.
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Corollary 6.2. Let T , J and R(n) = 8X9Y (	(X; Y; n)) be as in Theorem 6.1. If for
each n 2 N, T ` R(n) then there is are recursive functions k(n) and e(n) such that for
every n and X, 	(X;�e(n)(Jk(n)(X); n).

Proof. We de�ne the functions k(n) and e(n) by searching for the least triple consisting
of a k, n and a proof in T of 8X9Y (Y = �e(J (k)(X)) & 	(X; Y )). This recursive search
terminates by Theorem 6.1 and the functions so de�ned clearly satisfy the conclusion of
our Corollary.

Now in some cases the numbers e and k of Theorem 6.1 can be read o¤ (easily or with
a bit of work) from the proof of R in T and it may be that the dependence on n of the
proofs used in Corollary 6.2 can also be directly determined but in others it may not be
at all clear how to produce this information. This is particularly true for Corollary 6.2
when the proof that 8n(T ` R(n)) is produced by an external induction on n 2 N. For
MT(n) our proof is quite indirect and recovering these numbers not at all simple. On the
other hand, the proofs in Hirst [2004] are much more amenable to such an analysis. In
future work (on Gowers�Fink theorem), we expect to see examples where recovering the
number of jumps needed seems much more di¢ cult and so Corollary 6.2 will give results
that are far from obvious.

We now provide a generalization of Wang�s result that is proved by the same method.

De�nition 6.3. We say that a proof theoretic system T (of second order arithmetic) is
a �12 system if it is speci�ed by adding a set of �12 axioms Ai = 8X9Y �i(X; Y ) to RCA0.

Examples include ACA0 and ACA+0 as they can be speci�ed as the closure under the
Turing and arithmetic jumps, respectively, and these operators are de�ned by arithmetic
(even �02) formulas �(X; Y ) with unique solutions Y for every X. Most of the systems
weaker than ACA+0 studied in reverse mathematics are of this form as are many stronger
ones.

Theorem 6.4. Let T be a �12 system generated over RCA0 by the �12 axioms Ai =
8X9Y �i(X; Y ). Let R be a �12 sentence 8X9Y (	(X; Y )) such that T ` R. Then
9k 2 N such that T ` 8X9l � k9i0; : : : ; il � k(9Z0; : : : Zl; Y0; : : : Yl; e0; : : : el)(X =
Z0 & (8j)0�j�l(Yj = �ej(Zj)) & (8j)0�j<l(�ij(Yj; Zj+1)) & 	(X; Yl)).

Proof. The proof is essentially the same as the proof above for the weak version of
Theorem 6.1. The sentences�k(X), for k 2 N, now assert that there are l � k; i0; : : : ; il �
k; Z0; : : : Zl; Y0; : : : Yl; e0; : : : el with the desired property. As above, if our conclusion fails
T [ f:�k(C)g is consistent for each k. Indeed, as it is again obvious that T ` �k(C)!
�k+1(C), T [ f:�k(C)jk 2 Ng is also consistent by compactness. So we may suppose
that we have a countable modelM of T with a set C such thatM � :�k(C) for each
k 2 N.
The generation process for a submodel M̂ of M � T from C proceeds in ! many

steps starting with C by alternately applying some Turing reduction �i for i 2 M and
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adding a set Z of M such that M � �i(Y; Z) for some Y already added to our list
and some i 2 N. As before M̂ is absolute with respect to M for arithmetic formulas
with set parameters from M̂ and, moreover, is a model of T . By our our choice of
C, M � :�k(C) for every k 2 N. On the other hand, every set Y in M̂ is, for
some l; i0; : : : il 2 N, the Yl of a sequence Z0; : : : Zl; Y0; : : : Yl; e0; : : : el such that (X =
Z0 & (8j)0�j�l(Yj = �ej(Zj)) & (8j)0�j<l(�ij(Yj; Zj+1)))and soM � :	(C; Y ) for every
Y 2 M̂. Thus M̂ � 8Y :	(C; Y ), i.e. M̂ is a model of T but not of R for the desired
contradiction.

We now turn to the strengthening of Theorem 6.4 analogous to Theorem 6.1. Here
we need additional assumptions on the axioms of our system T corresponding to the
properties of ACA0 and ACA+0 used to go from the weaker version above to the full
theorem.

De�nition 6.5. We say that the axiom A = 8X9Y �(X;Y ) of a �12 system corresponds
to an operator J�(X) if T ` 8X9!Y �(X; Y ). For k 2 N, we denote the k-fold iteration
of such a J� by J (k): J (0)(X) = X and J (k+1)(X) = JJ (k)(X). We say that such an
operator J� is monotonic if 8X8Y 8Z8W (X �T Y & �(X;W ) & �(Y; Z)! W �T Z).

In the setting of Theorem 6.4, if the axioms Ai correspond to monotonic operators
Ji (such as the Turing or arithmetic jump) one of which is the Turing jump (so T `
ACA0), then we can deduce additional uniformities that provide a generalization of the
full Theorem 6.1.

Corollary 6.6. Let T be a �12 system all of whose axioms Ai, i 2 N, correspond to
monotonic operators Ji one of which, say J0, is the Turing jump and let R be a �12
sentence 8X9Y (	(X; Y )) such that T ` R. Then there are e; k 2 N such that T `
8X	(X;�e(J (k)(X))) where J(X) = JkJk�1 : : : J0(X).

Proof. By Theorem 6.4, we have a k 2 N such that
T ` 8X9l � k9i0; : : : ; il � k(9Z0; : : : Zl; Y0; : : : Yl; e0; : : : el)(X = Z0 & (8j)0�j�l(Yj =
�ej(Zj)) & (8j)0�j<l(�ij(Yj; Zj+1)) & 	(X; Yl)).
Let J(X) = JkJk�1 : : : J0(X). As the axioms Aj all de�ne monotonic operators Jj,

we see for any X; l; i0; : : : ; il � k and sequences Z0; : : : Zl; Y0; : : : Yl; e0; : : : el as above,
Zj; Yj �T JijJij�1 : : : Ji0(X) �T J (k)(X) for all j � k. So all possible such sequences
can be represented by indices relative to J (k)(X). Moreover, for some n larger than
the quanti�er complexities of 	 and the �i for i � k, the assertions about sequences
of indices satisfying the conditions described can all be decided uniformly recursively in
(J (k)(X))(n) = J

(n)
0 J (k)(X) �T J (k+n)(X). Thus as before, by minimizing the sequence

of indices de�ning the sequence of sets desired, we can calculate, uniformly recursively
in k, 	 and the �i, i � k, an index e which relative to J (k+n)(X) calculates (provably in
T ) a Y such that 	(X; Y ). This e along with k + n are the standard numbers required
for the Corollary.
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Theorems 6.1 and 6.4 as well as Corollary 6.6 all have analogous versions for �11-CA0
and the hyperjump operator replacing ACA0 and the Turing jump and �13 axioms A1
and sentences R replacing the �12 ones. For de�niteness and simplicity we de�ne the
hyperjump by HJ(X) = fej�e(X) is the characteristic function of a well orderingg. This
is one of the standard versions of the complete �11(X) set but any of the usual ones would
do just as well. The crucial standard fact that we need to note is an absoluteness result
for well-foundednes or, equivalently, �11 sentences. We denote the �nite iterates of the
hyperjump by HJ (n)(X) for n 2 N.

Proposition 6.7. IfM � �11-CA0 and M̂ is an !-submodel ofM, i.e. it has the same
�rst order part as M, and is closed under hyperjump then it is a �-submodel, i.e. for
any �11 sentence � with parameters in M̂,M � �, M̂ � �.

Proof. See Simpson [2009, VII,1.8].

We explicitly state the basic case of our metatheorem for �11-CA0 and leave the other
analogs to the reader.

Theorem 6.8. If R = 8X9y8Z�(X; Y; Z) is a �13 sentence, T = �11-CA0 and T ` R
then there are e; k2 N such that T ` 8X9Y (Y = �e(HJ (k)(X) & 8Z�(X;Y; Z)).

Proof. The proof is essentially the same as Theorem 6.1 with hyperjump replacing the
Turing or arithmetic jump J . Now, however, there are �11 formulas de�ning each of the
nth hyperjumps for n 2 N and one uses Proposition 6.7 to show that �11 formulas with
parameters in M̂ are absolute toM, i.e. M̂ is a �-submodel ofM.
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